N95- 13946 


PSEUDOMASTER EQUATION FOR THE NO-COUNT 
PROCESS IN A CONTINUOUS PHOTODETECTION* 

Ching Tsung Lee 

Department of Physics, Alabama A & M University, Normal, Alabama 35762 


„ 0 . P 1 ? dete ction of cavity radiation with the detector placed outside the 

2 ^ photon has a certain probability of propa- 

gating away without being detected. It is viewed as a continuous quantum 

mfheTr, 111 density matrix is continuously revised according 

read out of the detector. The concept of pseudomaster equation for 
the no-count process is introduced; its solution leads to the discovery of the 

same pr0CeSS - 11 has Ae potential to become^he key 
equation for continuous measurement process. 3 


S eory of me “ ur =n><:nt has been a highly controversial topic ever since the oioneer 
atoutlhe'ys^^ 

^assess 

There have been two different approaches to the theory of photoelectric detection The fir« 
appr^ch was .moated by Mandel [1] and followed by Kdte/and Sf m a„X clauto 

by's^ nS^6i aP a P nd a h h C as mmate d by Mollow [4] and followed by Scully and Lamb [sf 
21 ~* he pherd [6 ?’ ^d b y Snrnvas and Davies [7], In the first approach light DroDagates in 

In thnecraTannmarhT 61 ? p b? to detector, and any unabsorted photon S S propagate away 
in the second approach, both the radiation and the photodetector are enclosed in a ravitJ 5 

p botons not absorbed by the detector at one time are avStoteSSSwi 
r obvious reason these two different approaches are classified by Mandel f81 as open rvstem 
model for the former and closed-system rnodel for the latter. 7 1 J open ' 5 y stem 

. , for die photoelectron distribution obtained in the ODen-svstem mnHel 

ro nnnh ed and , Davies W as being a short-time approximSronTy ”S£y S 

tl r 1 *. paper we ^oduce a new model that is the hybrid of the two previous approaches 

m deS oX *^ e nLm Pt r v e / cavi ? but the P hotodc ^«>r is taken outside 

propagate away We^d eve thMAifh if*? 1 * ° f ^ , Cavity ’ md unab sorbed photonk 
models bm^?sn \t * ?"? bybnd model not only keeps the merits of both previous 

practice “Ip!, f •? simulation of the circumstances more frequently encountered in 

a laser system th^hvhrifT 6 t0 i, St j d ^ *?? e sta tistical properties of photons in the output of 
a laser system, this hybnd model will describe the situation most closely. 
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,981 Srinivas ^d Danes 

knowledge about the cavity radiation. The g P instantaneously. The effects 


ap(t)a^ 

><f + ) = Ji>W 3 Tr[p(i)I^ 


( 1 ) 


where p(t) and p(t + ) are the density matrix for the radiation field immediately before and after 

sssst - 

superoperator S r such that 


_ exp ( -Aqtq^^expl-la^r) 
p(t + t) = StM = Tr[p(f)exp(-Aatar)J 


(2) 


where A is the coupling constant 1, is let 

^l"re^eK 

, - «*» d - i °‘* d 

by TJ'Jo ^operators are valid for 

KSTgetTmffuT^ '.his 'type' of problems, and we shall call it the method of 

^tr^rwe assume.tha, the t 

"f Chet^of and the distance between 

the two end mirrors d as [11] 


p = — cln R/2d. 


(3) 


Let p(n, t) be the probability that „ P|! oton ”“'f'; IttstteS^ 

Sisex"ac5y Se“ne firs' drived by ScuUy and Lamb [5] for the closed-system 
model, i.e., 


— p(n,t) = - npp(n,t ) + (n + 1 )/*P( n + M). 

dt 


(4) 


s-ss 

state according to the readout of the detector detected then we believe the 

(5) 


d_ 

dt 


q(n,t) = —npq(n, t) + (n + l)/x(l - CM" + 1.0. 
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where (1 () is the probability that a leaked photon propagates away without been detected 

Equation (5) is a modification of Eq. (4). One important chaLctenstic of^ (5)^LTrdS S 
not conserye the total probability Because of this characteristic we call it pseudomaster equation 
The physical meaning of q(n, t ) will become clear in later development equation. 

By the way, the pseudomaster equation for the closed-system model is 


J t ?(M) = -A nq(n,t), 


( 6 ) 


which is quite trivial; so we shall focus our attention on Eq. (5) for the hybrid model. 

The solution to Eq. (5) can be easily obtained through Laplace transformation. Let the 
no-count period begin at t = t\ and let us make the identification 

?(Ml) = p(n,t 1 ) (7) 

as the initial condition, then the solution to Eq. (5) at a later time t = t 2 can be written as 


q(n, t 2 ) = jr p (£ , *l) {(1 ~ 0 [l ~ 


( 8 ) 


The first physical meaning of q(n,t) is that it is the unnormalized form of p(n,t) in no- 
count process, namely, n ’ ' u 


/ oo 

p(n,t) = q(n, t) / q(n,t ). 

' n= 0 


(9) 


Let be the probability that m photoelectrons are detected during the period (U U\ We 

are particularly interested in the special case m = 0. We can obtain from Eq. (8) the probability 
that no photoelectron is detected during the period (ti,t 2 ) as ™ 


( 10 ) 


( 11 ) 


OO 00 

P 0 (ti,t 2 ) = ^2q( n ,t 2 ) = J^p(Afl)[l — C + 

n =0 £-0 

This is the second physical meaning of q(n, t). 

To be consistent, the no-count probability must satisfy the condition 

Po(tut 2 )Po(t 2 ,t 3 ) = p 0 (t u t 3 ). 

Using Eqs. (8) and (10) in Eq. (9) we obtain 

P(M2) = [(1 -C)(l n e -n^-t,) (12) 

l—n ^ ' 

Replacing t x and t 2 in Eq. (10) by t 2 and t 3 , respectively, and using Eq. (12), we obtain 

OO 

Po(t 2 ,t 3 ) = 2 )[l - C + Ce~' l( * 3 ~ t2) ]* 

£—0 J 
1 00 

= ^^E^< ,) [ 1 -C + Ce-^ ) ] (13) 
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crv thp condition of Eq. (11) Is satisfied. , . . 

There are two kinds of waiting times, conditional and unconditional. We pick an arbitrary 
. , lone do we have to wait until we detect a photoelectron? This is 

[ 12 ] 

(14) 


oo 

W(UM) = -jr-w l.*j) = K«'' (, '" , ' l Ep< n ' l l)"| 1 - C + (e 

Ot 2 n=l 


and 


V(t i,< 2 ) = - 


d 2 


(n) u dhdt -2 


Po{h,h) 


p( n> t\)n(n — 1) [l — C + ( e ^ 1 2 

( n )h n = 2 


n— 2 


(15) 


where (n) is the average number of photons remaining at time t. 
replace p(n,fi) in Eq. (14) by 


p(n,i+) = ! )4 i p(n+l,f 1 ), 
V ( n )u 


(16) 


we obtain Eq. (15). On the other hand, if we try to use Eq. (1), we also have 

, 4 (nlap(ti)a^ln) n + 1 . . , . \ M7’) 

P ( n , tt ) = mt )\ n ) = 1 ( n)| — = + Ml) ’ (17> 

R(t, p, c W) = (1 - 0(1 - e-r^apW'- (18) 

Then we can define the exponential of this superoperator as 

superoperator S(r,p) such that 

S{T,ii)p{t) = exp (-^« taT )^) exp (-§ a+aT )« (20) 
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wluch is slightly different from that defined in Eq. (2) in the physical meaning of the constant a 
and in that it does not include the renormalization. We are now ready to present the superoperator 
«( r >0 I 01 " the no-count process such that 

2(r, At, ()p(t) = S(t, p) exp [R(t, p, ()]p{t). (21) 

Then the density operator at the end of the no-count process can be written as 

p(n, t + t) = £v(r, p, C) p(t) = T j rrfiT 1 - u , (22) 

where the difference between the two superoperators Q(r,p,() and Qj^(r,p,n is that the later 
includes the renormalization. 7 

It should be pointed out that this superoperator must satisfy the following conditions: 

q(n, t + r) = (n|Q(r, p, ( )p(t)\n ), (23) 

P 0 (M + r) = Tr{Q(r,/i,C)/5(f)}, (24) 

and 

Q(n + t 2 ,a,C) = Q(t2,p,0Q( t i,p,(). (25) 

The last semigroup condition is very critical because we have found at least two less sophisticated 
expressions for Q(t,p, (), which satisfy the first two conditions, but must be abandoned because 
they do not satisfy the last condition. It can be easily verify that the expression given in Eq. (21) 
satisfy the first two condition. That it also satisfies the last condition can be shown as follows: 


Q(T2,P,()Q(Ti,p,()p(t) 

oo°c 1 

= 11 ~ C) 

Ll/I 

k = o <=o x ' 


e ~^Y e -^a T2 /2^k e -va'an/2( a y 


£ k 

x p{t)(a^ e-^« n / 2 (a^ 

00 (i _ p\ k k 

= E 1 - e~^ Tl+T ^ e~* d '“( Tl+r2 W 2 (a) k p(t)(aA e -/*« , «(n+»i)/2 

jfc=o ' J ' ' 

= Q{n + T 2 ,p,()p(t), (26) 

where we used the operator identity [13] e x °'*f(a, a t )e" a: “ ,a = /(a e -*,«t e *) to change Ae 

orders of some operators and used the summation identity y A(k, £.) ~ y ^2 A(k — £ £) 
to carry out one summation. k ~° k=oe=o 

For a perfect detector with C = 1, we have Q^(t, A, 1) = 5 r as given in Eq. (2) for the 
closed-system model. This means the present model with perfect detector is identical to the 
closed- system model as far as mathematics is concerned. On the other hand, when ( = 0 we 
obtain the superoperator for the non-referring measurement process, which always preserves the 
total probability, i.e., Tr[Q(r,/i,0)p(i)] = 1; so no renormalization is necessary. 

We can also consider a more general “closed-system” model with the detector inside the 
cavity but the cavity has some leakage. The pseudomaster equation for the no-count process 
of such a system can be written as 


^q{ n ,t) — —n( A + p)q(n,t) + (n + 1 )pq(n + l,f), 
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where A is the coupling constant between the radiation field and the cavity and p denotes the rate 
of photon leakage. Except for a slight change of constants, the calculations of this generalized 
closed-system model are almost exactly the same as the hybrid model. We just list the most 
significant results as follows: 


l—n 


Poihih) = 




p 


0 -n(A+#i)(< 2 -<i) 


£=0 


+ 


--(A+/4)(l2-tl) 


A + n A + fi 


and 


Q(r, A,/x) = 5(r, A + /x)exp [H{t, A + p, A/(A + /*))]- 


(28) 

(29) 

(30) 


In conclusion, we have introduced a hybrid model for photodetection which is the mixture of 
the previous open-system and closed-system models. It is without the defects of the former and 
more realistic than the latter. We have also introduced the concept of pseudomaster equation, the 
solution of which provides the clue to discovering the superoperator for the no-count process. It 
is obvious that, comparing with the superoperator approach, the method of pseudomaster equation 
is simpler, easier to see how to write it down and easier to handle. So we thieve it has the 
potential to become the fundamental equation for analyzing various models of photodetecdons 
as continuous quantum measurement process. 
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